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EXPLICIT FORMULAS FOR BIHARMONIC SUBMANIFOLDS IN
SASAKIAN SPACE FORMS
D. FETCU AND C. ONICIUC
Dedicated to Professor Neculai Papaghiuc on his 60-th birthday
Abstract. We classify the biharmonic Legendre curves in a Sasakian space form,
and obtain their explicit parametric equations in the (2n + 1)-dimensional unit
sphere endowed with the canonical and deformed Sasakian structures defined by
Tanno. Then, composing with the flow of the Reeb vector field, we transform
a biharmonic integral submanifold into a biharmonic anti-invariant submanifold.
Using this method we obtain new examples of biharmonic submanifolds in spheres
and, in particular, in S7.
1. Introduction
Biharmonic maps between Riemannian manifolds φ : (M,g) → (N,h) are the
critical points of the bienergy functional E2(φ) =
1
2
∫
M
|τ(φ)|2 vg. They represent a
natural generalization of the well-known harmonic maps ([8]), the critical points of
the energy functional E(φ) = 12
∫
M
|dφ|2 vg, and of the biharmonic submanifolds in
Euclidean spaces defined by B.-Y. Chen ([7]).
The Euler-Lagrange equation for the energy functional is τ(φ) = 0, where τ(φ) =
trace∇dφ is the tension field, and the Euler-Lagrange equation for the bienergy
functional was derived by G. Y. Jiang in [14]:
τ2(φ) = −∆τ(φ)− trace RN (dφ, τ(φ))dφ
= 0.
Since any harmonic map is biharmonic, we are interested in non-harmonic bihar-
monic maps, which are called proper-biharmonic.
A special case of biharmonic maps is represented by the biharmonic Riemannian
immersions, or biharmonic submanifolds. There are several results of classification
or construction for such submanifolds in space forms ([15], [5]). Then, the next
step would be the study of biharmonic submanifolds in Sasakian space forms. In
this context J. Inoguchi classified in [13] the proper-biharmonic Legendre curves and
Hopf cylinders in a 3-dimensional Sasakian space formM3(c), and in [11] the explicit
parametric equations were obtained. Then, T. Sasahara and his collaborators stud-
ied the biharmonic integral surfaces and 3-dimensional biharmonic anti-invariant
submanifolds in S5 ([1], [17]).
Recent results on biharmonic submanifolds in spaces of nonconstant sectional
curvature were obtained by T. Ichiyama, J. Inoguchi and H. Urakawa in [12], by
Y.-L. Ou and Z.-P. Wang in [16], and by W. Zhang in [20].
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Biharmonic submanifolds in pseudo-Euclidean spaces were also studied, and many
examples and classification results were obtained (for example, see [2], [7]).
The goals of our paper are to obtain new classification results for biharmonic
Legendre curves in any dimensional Sasakian space form and to provide a method
for constructing biharmonic submanifolds. In order to obtain explicit examples, we
use the (2n + 1)-dimensional unit sphere S2n+1 as a model of Sasakian space form.
For a general account of biharmonic maps see [15] and The Bibliography of Bi-
harmonic Maps [18].
Conventions. We work in the C∞ category, that means manifolds, metrics, con-
nections and maps are smooth. The Lie algebra of the vector fields on M is denoted
by C(TM).
2. Preliminaries
2.1. Contact manifolds. A contact metric structure on a manifold N2n+1 is given
by (ϕ, ξ, η, g), where ϕ is a tensor field of type (1, 1) on N , ξ is a vector field, η is
an 1-form and g is a Riemannian metric such that
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,
g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), g(X,ϕY ) = dη(X,Y ), ∀X,Y ∈ C(TN).
A contact metric structure (ϕ, ξ, η, g) is called normal if
Nϕ + 2dη ⊗ ξ = 0,
where
Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX,Y ]− ϕ[X,ϕY ] + ϕ2[X,Y ], ∀X,Y ∈ C(TN),
is the Nijenhuis tensor field of ϕ.
A contact metric manifold (N,ϕ, ξ, η, g) is a Sasakian manifold if it is normal or,
equivalently, if
(∇Xϕ)(Y ) = g(X,Y )ξ − η(Y )X, ∀X,Y ∈ C(TN).
The contact distribution of a Sasakian manifold (N,ϕ, ξ, η, g) is defined by {X ∈
TN : η(X) = 0}, and an integral curve of the contact distribution is called Legendre
curve. A submanifold M of N which is tangent to ξ is said to be anti-invariant if ϕ
maps any vector tangent to M and normal to ξ to a vector normal to M .
Let (N,ϕ, ξ, η, g) be a Sasakian manifold. The sectional curvature of a 2-plane
generated by X and ϕX, where X is an unit vector orthogonal to ξ, is called ϕ-
sectional curvature determined byX. A Sasakian manifold with constant ϕ-sectional
curvature c is called a Sasakian space form and it is denoted by N(c).
The curvature tensor field of a Sasakian space form N(c) is given by
(2.1)
R(X,Y )Z = c+34 {g(Z, Y )X − g(Z,X)Y }+ c−14 {η(Z)η(X)Y −
−η(Z)η(Y )X + g(Z,X)η(Y )ξ − g(Z, Y )η(X)ξ+
+g(Z,ϕY )ϕX − g(Z,ϕX)ϕY + 2g(X,ϕY )ϕZ}.
Let S2n+1 = {z ∈ Cn+1 : |z| = 1} be the unit (2n+1)-dimensional sphere endowed
with its standard metric field g0. Consider the following structure tensor fields on
S
2n+1: ξ0 = −Iz for each z ∈ S2n+1, where I is the usual almost complex structure
on Cn+1 defined by
Iz = (−y1, ...,−yn+1, x1, ..., xn+1),
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for z = (x1, ..., xn+1, y1, ..., yn+1), and ϕ0 = s ◦ I, where s : TzCn+1 → TzS2n+1
denotes the orthogonal projection. Equipped with these tensors, S2n+1 becomes a
Sasakian space form with ϕ0-sectional curvature equal to 1 ([3]).
Now, consider the deformed structure on S2n+1, introduced by Tanno in [13],
η = aη0, ξ =
1
a
ξ0, ϕ = ϕ0, g = ag0 + a(a− 1)η0 ⊗ η0,
where a is a positive constant. The structure (ϕ, ξ, η, g) is still a Sasakian structure
and (S2n+1, ϕ, ξ, η, g) is a Sasakian space form with constant ϕ-sectional curvature
c = 4
a
− 3 ([1]).
2.2. 3-Sasakian manifolds. If a manifold N admits three Sasakian structures
(ϕa, ξa, ηa, g), a = 1, 2, 3, satisfying
ϕc = −ϕaϕb + ηb ⊗ ξa = ϕbϕa − ηa ⊗ ξb,
ξc = −ϕaξb = ϕbξa, ηc = −ηa ◦ ϕb = ηb ◦ ϕa,
for an even permutation (a, b, c) of (1, 2, 3), then the manifold is said to have a
Sasakian 3-structure. The dimension of such a manifold is of the form 4n + 3. We
note that the maximum dimension of a submanifold of a 3-Sasakian manifold N4n+3
which is an integral submanifold with respect to all three Sasakian structures is n.
3. Biharmonic Legendre curves in Sasakian space forms
Definition 3.1. Let (Nm, g) be a Riemannian manifold and γ : I → N a curve
parametrized by arc length, that is |γ′| = 1. Then γ is called a Frenet curve of
osculating order r, 1 ≤ r ≤ m, if there exists orthonormal vector fields E1, E2, ..., Er
along γ such that 
E1 = γ
′ = T
∇TE1 = κ1E2
∇TE2 = −κ1E1 + κ2E3
...
∇TEr = −κr−1Er−1
,
where κ1, ..., κr−1 are positive functions on I.
Remark 3.2. A geodesic is a Frenet curve of osculating order 1; a circle is a Frenet
curve of osculating order 2 with κ1 = constant; a helix of order r, r ≥ 3, is a Frenet
curve of osculating order r with κ1, ..., κr−1 constants; a helix of order 3 is called,
simply, helix.
Now let (N2n+1, ϕ, ξ, η, g) be a Sasakian space form with constant ϕ-sectional
curvature c and γ : I → N a Legendre Frenet curve of osculating order r. As
(3.1)
∇3TT = (−3κ1κ′1)E1 + (κ′′1 − κ31 − κ1κ22)E2 + (2κ′1κ2 + κ1κ′2)E3
+κ1κ2κ3E4
and
(3.2) R(T,∇TT )T = −(c+ 3)κ1
4
E2 − 3(c − 1)κ1
4
g(E2, ϕT )ϕT,
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we get
(3.3)
τ2(γ) = ∇3TT −R(T,∇TT )T
= (−3κ1κ′1)E1 +
(
κ′′1 − κ31 − κ1κ22 + (c+3)κ14
)
E2
+(2κ′1κ2 + κ1κ
′
2)E3 + κ1κ2κ3E4 +
3(c−1)κ1
4 g(E2, ϕT )ϕT.
In the following we shall solve the biharmonic equation τ2(γ) = 0. The problem is
to find the relation between ϕT and the Frenet frame field. The simplest two cases
are provided by 3(c−1)κ14 g(E2, ϕT ) = 0. So,
Case I: c = 1.
In this case γ is proper-biharmonic if and only if
κ1 = constant > 0, κ2 = constant
κ21 + κ
2
2 = 1
κ2κ3 = 0
.
One obtains
Theorem 3.3. If c = 1 and n ≥ 2, then γ is proper-biharmonic if and only if either
γ is a circle with κ1 = 1, or γ is a helix with κ
2
1 + κ
2
2 = 1.
Remark 3.4. If n = 1 and γ is a non-geodesic Legendre curve we have ∇TT =
±κ1ϕT and then E2 = ±ϕT and ∇TE2 = ±∇TϕT = ±(ξ ∓ κ1T ) = −κ1T ± ξ.
Therefore κ2 = 1 and γ cannot be biharmonic.
Case II: c 6= 1, E2 ⊥ ϕT.
In this case γ is proper-biharmonic if and only if
κ1 = constant > 0, κ2 = constant
κ21 + κ
2
2 =
c+3
4
κ2κ3 = 0
.
Before stating the theorem we need the following
Lemma 3.5. Let γ be a Legendre Frenet curve of osculating order 3 and E2 ⊥ ϕT .
Then {T = E1, E2, E3, ϕT, ξ,∇TϕT} are linearly independent, in any point, and
hence n ≥ 3.
Proof. Since γ is a Frenet curve of osculating order 3, we have
E1 = γ
′ = T
∇TE1 = κ1E2
∇TE2 = −κ1E1 + κ2E3
∇TE3 = −κ2E2
.
It is easy to see that, in an arbitrary point, the system
S1 = {T = E1, E2, E3, ϕT, ξ,∇TϕT}
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has only non-zero vectors and
T ⊥ E2, T ⊥ E3, T ⊥ ϕT, T ⊥ ξ, T ⊥ ∇TϕT.
Thus S1 is linearly independent if and only if S2 = {E2, E3, ϕT, ξ,∇TϕT} is linearly
independent. Further, as
E2 ⊥ ξ, E2 ⊥ ∇TϕT, E3 ⊥ ξ, E3 ⊥ ∇TϕT, ϕT ⊥ ξ, ϕT ⊥ ∇TϕT,
and
E2 ⊥ E3 ⊥ ϕT,
it follows that S2 is linearly independent if and only if S3 = {ξ,∇TϕT} is linearly
independent. But ∇TϕT = ξ+ κ1ϕE2, κ1 6= 0, and therefore S3 is linearly indepen-
dent. 
Now we can state
Theorem 3.6. Assume that c 6= 1 and ∇TT ⊥ ϕT . We have
1) If c ≤ −3 then γ is biharmonic if and only if it is a geodesic.
2) If c > −3 then γ is proper-biharmonic if and only if either
a) n ≥ 2 and γ is a circle with κ21 = c+34 . In this case {E1, E2, ϕT, ξ} are linearly
independent,
or
b) n ≥ 3 and γ is a helix with κ21 + κ22 = c+34 . In this case {E1, E2, E3, ϕT,
ξ,∇TϕT} are linearly independent.
Case III: c 6= 1, E2 ‖ ϕT.
In this case γ is proper-biharmonic if and only if
κ1 = constant > 0, κ2 = constant
κ21 + κ
2
2 = c
κ2κ3 = 0
.
We can assume that E2 = ϕT . Then we have ∇TT = κ1E2 = κ1ϕT , ∇TE2 =
∇TϕT = ξ − κ1T . That means E3 = ξ and κ2 = 1. Hence ∇TE3 = ∇T ξ = −ϕT =
−E2.
Therefore
Theorem 3.7. If c 6= 1 and ∇TT ‖ ϕT , then {T, ϕT, ξ} is the Frenet frame field of
γ and we have
1) If c ≤ 1 then γ is biharmonic if and only if it is a geodesic.
2) If c > 1 then γ is proper-biharmonic if and only if it is a helix with κ21 = c− 1
(and κ2 = 1).
Remark 3.8. If n = 1 then ∇TT ‖ ϕT and we reobtain Inoguchi’s result [13].
Case IV: c 6= 1 and g(E2, ϕT) is not constant 0,1 or −1.
Assume that γ is a Legendre Frenet curve of osculating order r, 4 ≤ r ≤ 2n + 1,
n ≥ 2. If γ is biharmonic it follows that ϕT ∈ span{E2, E3, E4}.
Now, we denote f(t) = g(E2, ϕT ) and differentiating along γ we obtain
f ′(t) = g(∇TE2, ϕT ) + g(E2,∇TϕT ) = g(∇TE2, ϕT ) + g(E2, ξ + κ1ϕE2)
= g(∇TE2, ϕT ) = g(−κ1T + κ2E3, ϕT )
= κ2g(E3, ϕT ).
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Since ϕT = g(ϕT,E2)E2 + g(ϕT,E3)E3 + g(ϕT,E4)E4, the curve γ is proper-
biharmonic if and only if 
κ1 = constant > 0
κ21 + κ
2
2 =
c+3
4 +
3(c−1)
4 f
2
κ′2 = −3(c−1)4 fg(ϕT,E3)
κ2κ3 = −3(c−1)4 fg(ϕT,E4)
.
Using the expression of f ′(t) we see that the third equation of the above system is
equivalent to
κ22 = −
3(c− 1)
4
f2 + ω0,
where ω0 = constant. Replacing in the second equation it follows
κ21 =
c+ 3
4
− ω0 + 3(c− 1)
2
f2,
which implies f = constant. Thus κ2 = constant > 0, g(E3, ϕT ) = 0 and then
ϕT = fE2 + g(ϕT,E4)E4. It follows that there exists an unique constant α0 ∈
(0, 2pi) \ {pi2 , pi, 3pi2 } such that f = cosα0 and g(ϕT,E4) = sinα0.
We can state
Theorem 3.9. Let c 6= 1, n ≥ 2 and γ a Legendre Frenet curve of osculating order
r ≥ 4 such that g(E2, ϕT ) is not constant 0, 1 or −1. We have
a) If c ≤ −3 then γ is biharmonic if and only if it is a geodesic.
b) If c > −3 then γ is proper-biharmonic if and only if ϕT = cosα0E2 + sinα0E4
and 
κ1 = constant > 0, κ2 = constant
κ21 + κ
2
2 =
c+3
4 +
3(c−1)
4 cos
2 α0
κ2κ3 = −3(c−1)8 sin 2α0
,
where α0 ∈ (0, 2pi) \ {pi2 , pi, 3pi2 } is a constant such that c + 3 + 3(c − 1) cos2 α0 > 0
and 3(c− 1) sin 2α0 < 0.
Remark 3.10. In this case we may obtain biharmonic curves which are not helices.
Remark 3.11. We note that a preliminary version of the full classification of the
proper-biharmonic Legendre curves in Sasakian space forms was obtained in [10].
In the following, we shall choose the unit (2n+1)-dimensional sphere S2n+1 with
its canonical and modified Sasakian structures as a model for the complete, simply
connected Sasakian space form with constant ϕ-sectional curvature c > −3, and we
will find the explicit equations of biharmonic Legendre curves obtained in the first
three cases, viewed as curves in R2n+2.
Theorem 3.12. Let γ : I → (S2n+1, ϕ0, ξ0, η0, g0), n ≥ 2, be a proper-biharmonic
Legendre curve parametrized by arc length. Then the equation of γ in the Euclidean
space E2n+2 = (R2n+2, 〈, 〉), is either
γ(s) =
1√
2
cos
(√
2s
)
e1 +
1√
2
sin
(√
2s
)
e2 +
1√
2
e3
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where {ei,Iej} are constant unit vectors orthogonal to each other, or
γ(s) =
1√
2
cos(As)e1 +
1√
2
sin(As)e2 +
1√
2
cos(Bs)e3 +
1√
2
sin(Bs)e4,
where
(3.4) A =
√
1 + κ1, B =
√
1− κ1, κ1 ∈ (0, 1),
and {ei} are constant unit vectors orthogonal to each other, with
〈e1,Ie3〉 = 〈e1,Ie4〉 = 〈e2,Ie3〉 = 〈e2,Ie4〉 = 0, A〈e1,Ie2〉+B〈e3,Ie4〉 = 0.
Proof. Let us denote by ∇˙ and by ∇˜ the Levi-Civita connections on (S2n+1, g0) and
(R2n+2, 〈, 〉), respectively.
First, assume that γ is the biharmonic circle, that is κ1 = 1. From the Gauss and
Frenet equations we get
∇˜TT = ∇˙TT − 〈T, T 〉γ = κ1E2 − γ
and
∇˜T ∇˜TT = (−κ21 − 1)T = −2T,
which implies
γ
′′′
+ 2γ′ = 0.
The general solution of the above equation is
γ(s) = cos
(√
2s
)
c1 + sin
(√
2s
)
c2 + c3,
where {ci} are constant vectors in E2n+2.
Now, as γ satisfies
〈γ, γ〉 = 1, 〈γ′, γ′〉 = 1, 〈γ, γ′〉 = 0, 〈γ′, γ′′〉 = 0, 〈γ′′, γ′′〉 = 2, 〈γ, γ′′〉 = −1,
and since in s = 0 we have γ = c1 + c3, γ
′ =
√
2c2, γ
′′ = −2c1, we obtain
c11 + 2c13 + c33 = 1, c22 =
1
2
, c12 + c23 = 0, c12 = 0, c11 =
1
2
, c11 + c13 =
1
2
,
where cij = 〈ci, cj〉. Further, we get that {ci} are orthogonal vectors in E2n+2 with
|c1| = |c2| = |c3| = 1√2 .
Finally, using the fact that γ is a Legendre curve one obtains easily that 〈ci,Icj〉 = 0
for any i, j = 1, 2, 3.
Suppose now γ is the biharmonic helix, that is κ21 + κ
2
2 = 1, κ1 ∈ (0, 1). From the
Gauss and Frenet equations we get
∇˜TT = ∇˙TT − 〈T, T 〉γ = κ1E2 − γ,
∇˜T ∇˜TT = κ1∇˜TE2 − T = κ1
(
− κ1T + κ2E3
)
− T = −
(
κ21 + 1
)
T + κ1κ2E3
and
∇˜T ∇˜T ∇˜TT = −
(
κ21+1
)
∇˜TT+κ1κ2∇˜TE3 = −
(
κ21+1
)
∇˜TT−κ1κ22E2 = −2γ′′−κ22γ.
Hence
γiv + 2γ′′ + κ22γ = 0,
and its general solution is
γ(s) = cos(As)c1 + sin(As)c2 + cos(Bs)c3 + sin(Bs)c4,
where A, B are given by (3.4) and {ci} are constant vectors in E2n+2.
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As γ satisfies
〈γ, γ〉 = 1, 〈γ′, γ′〉 = 1, 〈γ, γ′〉 = 0, 〈γ′, γ′′〉 = 0, 〈γ′′, γ′′〉 = 1 + κ21,
〈γ, γ′′〉 = −1, 〈γ′, γ′′′〉 = −(1 + κ21), 〈γ′′, γ′′′〉 = 0, 〈γ, γ′′′〉 = 0, 〈γ′′′, γ′′′〉 = 3κ21 + 1,
and since in s = 0 we have γ = c1 + c3, γ
′ = Ac2 + Bc4, γ′′ = −A2c1 − B2c3,
γ′′′ = −A3c2 −B3c4, we obtain
(3.5) c11 + 2c13 + c33 = 1
(3.6) A2c22 + 2ABc24 +B
2c44 = 1
(3.7) Ac12 +Ac23 +Bc14 +Bc34 = 0
(3.8) A3c12 +AB
2c23 +A
2Bc14 +B
3c34 = 0
(3.9) A4c11 + 2A
2B2c13 +B
4c33 = 1 + κ
2
1
(3.10) A2c11 + (A
2 +B2)c13 +B
2c33 = 1
(3.11) A4c22 + (AB
3 +A3B)c24 +B
4c44 = 1 + κ
2
1
(3.12) A5c12 +A
3B2c23 +A
2B3c14 +B
5c34 = 0
(3.13) A3c12 +A
3c23 +B
3c14 +B
3c34 = 0
(3.14) A6c22 + 2A
3B3c24 +B
6c44 = 3κ
2
1 + 1
where cij = 〈ci, cj〉. Since the determinant of the system given by (3.7), (3.8), (3.12)
and (3.13) is −A2B2(A2 −B2)4 6= 0 it follows that
c12 = c23 = c14 = c34 = 0.
The equations (3.5), (3.9) and (3.10) give
c11 =
1
2
, c13 = 0, c33 =
1
2
,
and, from (3.6), (3.11) and (3.14) follows that
c22 =
1
2
, c24 = 0, c44 =
1
2
.
Therefore, we obtain that {ci} are orthogonal vectors in E8 with |c1| = |c2| = |c3| =
|c4| = 1√2 .
Finally, since γ is a Legendre curve one obtains the conclusion of the Theorem. 
Theorem 3.13. Let γ : I → (S2n+1, ϕ, ξ, η, g), n ≥ 2, a > 0, a 6= 1, be a proper-
biharmonic Legendre curve parametrized by arc length such that g(∇γ′γ′, ϕγ′) = 0.
Then the equation of γ in the Euclidean space E2n+2, is either
γ(s) =
1√
2
cos
(√2
a
s
)
e1 +
1√
2
sin
(√2
a
s
)
e2 +
1√
2
e3
for n ≥ 2 or, for n ≥ 3,
γ(s) =
1√
2
cos(As)e1 +
1√
2
sin(As)e2 +
1√
2
cos(Bs)e3 +
1√
2
sin(Bs)e4,
where
(3.15) A =
√
1 + κ1
√
a
a
, B =
√
1− κ1
√
a
a
, κ1 ∈
(
0,
1
a
)
,
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and {ei,Iej} are constant unit vectors orthogonal to each other.
Proof. Let us denote by ∇, ∇˙ and by ∇˜ the Levi-Civita connections on (S2n+1, g),
(S2n+1, g0) and (R
2n+2, 〈, 〉), respectively.
First we consider the case when γ is the biharmonic circle, that is κ21 =
c+3
4 . Let
T = γ′ be the unit tangent vector field (with respect to the metric g) along γ. Using
the two Sasakian structures on S2n+1 we obtain ∇˙TT = ∇TT and ∇˙TE2 = ∇TE2.
From the Gauss and Frenet equations we get
∇˜TT = ∇˙TT − 〈T, T 〉γ = κ1E2 − 1
a
γ
and
∇˜T ∇˜TT = (−κ21 −
1
a
)T = −2
a
T.
Hence
aγ
′′′
+ 2γ′ = 0,
with the general solution
γ(s) = cos
(√2
a
s
)
c1 + sin
(√2
a
s
)
c2 + c3,
where {ci} are constant vectors in E2n+2.
As γ verifies the following equations,
〈γ, γ〉 = 1, 〈γ′, γ′〉 = 1
a
, 〈γ, γ′〉 = 0, 〈γ′, γ′′〉 = 0, 〈γ′′, γ′′〉 = 2
a2
, 〈γ, γ′′〉 = −1
a
,
and in s = 0 we have γ = c1 + c3, γ
′ =
√
2
a
c2, γ
′′ = − 2
a
c1, one obtains
c11 + 2c13 + c33 = 1, c22 =
1
2
, c12 + c23 = 0, c12 = 0, c11 =
1
2
, c11 + c13 =
1
2
,
where cij = 〈ci, cj〉. Consequently, we obtain that {ci} are orthogonal vectors in
E
2n+2 with |c1| = |c2| = |c3| = 1√2 .
Finally, using the facts that γ is a Legendre curve and g(∇γ′γ′, ϕγ′) = 0 one obtains
easily that 〈ci,Icj〉 = 0 for any i, j = 1, 2, 3.
Now we assume that γ is a biharmonic helix, that is κ21+κ
2
2 =
c+3
4 , κ
2
1 ∈
(
0, c+34
)
.
First we obtain ∇˙TT = ∇TT , ∇˙TE2 = ∇TE2 and ∇˙TE3 = ∇TE3.
From the Gauss and Frenet equations we get
∇˜TT = ∇˙TT − 〈T, T 〉γ = κ1E2 − 1
a
γ,
∇˜T ∇˜TT = κ1∇˜TE2 − 1
a
T = κ1
(
− κ1T + κ2E3
)
− 1
a
T = −
(
κ21 +
1
a
)
T + κ1κ2E3,
and
∇˜T ∇˜T ∇˜TT = −
(
κ21 +
1
a
)
∇˜TT + κ1κ2∇˜TE3 = −
(
κ21 +
1
a
)
∇˜TT − κ1κ22E2
= − 2
a
γ′′ − 1
a
κ22γ.
Therefore
aγiv + 2γ′′ + κ22γ = 0,
and its general solution is
γ(s) = cos(As)c1 + sin(As)c2 + cos(Bs)c3 + sin(Bs)c4,
where A, B are given by (3.15) and {ci} are constant vectors in E2n+2.
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The curve γ satisfies
〈γ, γ〉 = 1, 〈γ′, γ′〉 = 1
a
, 〈γ, γ′〉 = 0, 〈γ′, γ′′〉 = 0, 〈γ′′, γ′′〉 = 1 + aκ
2
1
a2
,
〈γ, γ′′〉 = −1
a
, 〈γ′, γ′′′〉 = −1 + aκ
2
1
a2
, 〈γ′′, γ′′′〉 = 0, 〈γ, γ′′′〉 = 0,
〈γ′′′, γ′′′〉 = 3aκ
2
1 + 1
a3
,
and in s = 0 we have
γ = c1 + c3, γ
′ = Ac2 +Bc4, γ′′ = −A2c1 −B2c3, γ′′′ = −A3c2 −B3c4.
Then, it follows
(3.16) c11 + 2c13 + c33 = 1
(3.17) A2c22 + 2ABc24 +B
2c44 =
1
a
(3.18) Ac12 +Ac23 +Bc14 +Bc34 = 0
(3.19) A3c12 +AB
2c23 +A
2Bc14 +B
3c34 = 0
(3.20) A4c11 + 2A
2B2c13 +B
4c33 =
1 + aκ21
a2
(3.21) A2c11 + (A
2 +B2)c13 +B
2c33 =
1
a
(3.22) A4c22 + (AB
3 +A3B)c24 +B
4c44 =
1 + aκ21
a2
(3.23) A5c12 +A
3B2c23 +A
2B3c14 +B
5c34 = 0
(3.24) A3c12 +A
3c23 +B
3c14 +B
3c34 = 0
(3.25) A6c22 + 2A
3B3c24 +B
6c44 =
3aκ21 + 1
a3
where cij = 〈ci, cj〉.
The solution of the system given by (3.18), (3.19), (3.23) and (3.24) is
c12 = c23 = c14 = c34 = 0.
From equations (3.16), (3.20) and (3.21) we get
c11 =
1
2
, c13 = 0, c33 =
1
2
,
and, from (3.17), (3.22), (3.25),
c22 =
1
2
, c24 = 0, c44 =
1
2
.
We obtain that {ci} are orthogonal vectors in E8 with |c1| = |c2| = |c3| = |c4| = 1√2 .
Finally, since γ is a Legendre curve and g(∇γ′γ′, ϕγ′) = 0, one obtains the conclusion.

Just like for S3 (see [11]) one obtains for S2n+1 endowed with the modified Sasakian
structure, with 0 < a < 1 (that means c > 1), the following result.
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Theorem 3.14. Let γ : I → (S2n+1, ϕ, ξ, η, g) be a biharmonic Legendre curve
parametrized by its arc length such that ∇γ′γ′ =
√
c− 1ϕγ′. Then the equation of γ
in the Euclidean space E2n+2 is
γ(s) =
√
B
A+B cos(As)e1 −
√
B
A+B sin(As)Ie1
+
√
A
A+B cos(Bs)e3 +
√
A
A+B sin(Bs)Ie3
=
√
B
A+B exp(−iAs)e1 +
√
A
A+B exp(iBs)e3,
where {ei} are constant unit orthogonal vectors in E2n+2 and
(3.26) A =
√
3− 2a− 2
√
(a− 1)(a− 2)
a
, B =
√
3− 2a+ 2
√
(a− 1)(a − 2)
a
.
Remark 3.15. The ODE satisfied by proper-biharmonic Legendre curves in the
(2n + 1)-sphere, in the fourth case, may be also obtained but the computations are
rather complicated.
4. Biharmonic submanifolds in Sasakian space forms
A method to obtain biharmonic submanifolds in a Sasakian space form is provided
by the following Theorem.
Theorem 4.1. Let (N2n+1, ϕ, ξ, η, g) be a strictly regular Sasakian space form with
constant ϕ-sectional curvature c and let i : M → N be an r-dimensional integral
submanifold of N . Consider
F : M˜ = I ×M → N, F (t, p) = φt(p) = φp(t),
where I = S1 or I = R and {φt}t∈R is the flow of the vector field ξ. Then F :
(M˜ , g˜ = dt2 + i∗g)→ N is a Riemannian immersion and it is proper-biharmonic if
and only if M is a proper-biharmonic submanifold of N .
Proof. From the definition of the flow of ξ we have
dF (t, p)
( ∂
∂t
)
=
d
ds
|s=t{φp(s)} = φ˙p(t) = ξ(φp(t)) = ξ(F (t, p)),
i.e. ∂
∂t
is F -correlated to ξ and∣∣∣dF (t, p)( ∂
∂t
)∣∣∣ = |ξ(F (t, p))| = 1 = ∣∣∣ ∂
∂t
∣∣∣.
The vector Xp ∈ TpM can be identified to (0,Xp) ∈ T(t′,p)(I ×M), for any t′ ∈ I,
and we have
dF(t,p)(Xp) = (dF )(t,p)(γ˙(0)) =
d
ds
|s=0{φt(γ(s))} = (dφt)p(Xp).
Since φt is an isometry, we have |dF(t,p)(Xp)| = |(dφt)p(Xp)| = |Xp|.
Moreover,
g
(
dF(t,p)
(
∂
∂t
)
, dF(t,p)(Xp)
)
= g(ξ(φp(t)), (dφt)p(Xp))
= g((dφt)p(ξp), (dφt)p(Xp)) = g(ξp,Xp)
= 0,
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so F : (I ×M,dt2 + i∗g)→ N is a Riemannian immersion.
Let F−1(TN) be the pull-back bundle over M˜ and ∇F the pull-back connection
determined by the Levi-Civita connection on N . We shall prove that
τ(F )(t,p) = (dφt)p(τ(i)) and τ2(F )(t,p) = (dφt)p(τ2(i)),
so, from the point of view of harmonicity and biharmonicity, M˜ and M have the
same behaviour.
We start with two remarks. Let σ ∈ F−1(TN) defined by σ(t,p) = (dφt)p(Zp),
where Z is a vector field along M , that is Zp ∈ TpN , ∀p ∈M . We have
(4.1) (∇FXσ)(t,p) = (dφt)p(∇NXZ), ∀X ∈ C(TM).
Then, if σ ∈ F−1(TN), it follows that ϕσ ∈ F−1(TN), (ϕσ)(t,p) = ϕφp(t)(σ(t,p)),
and
(4.2) ∇F∂
∂t
ϕσ = ϕ∇F∂
∂t
σ.
Now, we consider {X1, ...,Xr} a local orthonormal frame field on U , where U is an
open subset of M . The tension field of F is given by
τ(F ) = ∇F∂
∂t
dF
( ∂
∂t
)
− dF
(
∇fM∂
∂t
∂
∂t
)
+
r∑
a=1
{∇FXadF (Xa)− dF (∇
fM
XaXa)}.
As
∇F∂
∂t
dF
( ∂
∂t
)
= ∇Nξ ξ = 0, ∇
fM
∂
∂t
∂
∂t
= ∇I∂
∂t
∂
∂t
= 0,
(∇FXadF (Xa))(t,p) = (dφt)p(∇NXaXa), dF(t,p)(∇
fM
XaXa) = (dφt)p(∇MXaXa)
we obtain
τ(F )(t,p) = (dφt)p(τ(i)).
The next step is to prove that ∇F∂
∂t
τ(F ) = −ϕ(τ(F )). Since [ ∂
∂t
,Xa] = 0, a = 1, ..., r,
∇F∂
∂t
dF (Xa) = ∇FXadF
( ∂
∂t
)
.
But (
∇FXadF
(
∂
∂t
))
(t,p)
= ∇NdF(t,p)Xaξ = ∇N(dφt)pXaξ = −ϕ((dφt)p(Xa))
= −(dφt)p(ϕXa),
so
(4.3)
(
∇F∂
∂t
dF (Xa)
)
(t,p)
= −(dφt)p(ϕXa).
We note that
RF
( ∂
∂t
,Xa
)
dF (Xa) = ∇F∂
∂t
∇FXadF (Xa)−∇FXa∇F∂
∂t
dF (Xa)
and, on the other hand(
RF
( ∂
∂t
,Xa
)
dF (Xa)
)
(t,p)
= RNφt(p)(ξ, (dφt)p(Xa))(dφt)p(Xa) = ξ.
Therefore
(4.4) ∇F∂
∂t
∇FXadF (Xa)−∇FXa∇F∂
∂t
dF (Xa) = ξ
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From (4.1) and (4.3) we get
(4.5)
(
∇FXa∇F∂
∂t
dF (Xa)
)
(t,p)
= −(dφt)p(∇NXaϕXa)
= −(dφt)p(ξ + ϕ∇NXaXa)
and from (4.3)
(4.6)
(
∇F∂
∂t
dF (∇fMXaXa)
)
(t,p)
=
(
∇F∂
∂t
dF (∇MXaXa)
)
(t,p)
= −(dφt)p(ϕ∇MXaXa).
Replacing (4.5) and (4.6) in (4.4), we obtain
ξ = ∇F∂
∂t
∇FXadF (Xa)−∇F∂
∂t
dF (∇fMXaXa) +∇F∂
∂t
dF (∇fMXaXa)−∇FXa∇F∂
∂t
dF (Xa)
= ∇F∂
∂t
∇dF (Xa,Xa)− (dφt)p(ϕ∇MXaXa) + (dφt)p(ξ + ϕ∇NXaXa),
so (
∇F∂
∂t
∇FXadF (Xa)
)
(t,p)
= −ϕ(dφt)p(∇di(Xa,Xa)).
As ∇dF (Xa,Xa) = 0, we obtain
∇F∂
∂t
τ(F ) = −ϕ(τ(F )).
From (4.2) we have
(4.7)
∇F∂
∂t
∇F∂
∂t
τ(F ) = −∇F∂
∂t
ϕ(τ(F )) = −ϕ∇F∂
∂t
τ(F ) = ϕ2τ(F )
= −τ(F ),
and from (4.1)
(4.8) (∇FXa∇FXaτ(F ))(t,p) = (dφt)p(∇NXa∇NXaτ(i)),
(4.9)
(
∇F∇fM
Xa
Xa
τ(F )
)
(t,p)
= (dφt)p
(
∇N∇M
Xa
Xa
τ(i)
)
.
From (4.7), (4.8) and (4.9) we obtain
(4.10) − (∆F τ(F ))(t,p) = −τ(F )(t,p) − (dφt)p(∆iτ(i)).
After a straightforward computation we get
(4.11) traceRF (dF, τ(F ))dF = −τ(F ) + (dφt)p(traceRNp (di, τ(i))di).
Finally, from (4.10) and (4.11) we obtain
τ2(F )(t,p) = (dφt)p(τ2(i)).

Remark 4.2. The previous result was expected because of the following simple
remark. Assume that (N2n+1, ϕ, ξ, η, g) is a compact strictly regular Sasakian space
form with constant ϕ-sectional curvature c and let G : M → N be an arbitrary
smooth map from a compact Riemannian manifold M . If F is biharmonic, then the
map G is biharmonic, where F : M˜ = S1 ×M → N , F (t, p) = φt(G(p)).
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Indeed, an arbitrary variation {Gs}s of G induces a variation {Fs}s of F . We have
that τ(p,t)(Fs) = (dφt)Gs(p)(τp(Gs)) and, from the biharmonicity of F and the Fubini
Theorem, we get
0 =
d
ds
|s=0{E2(Fs)} = 1
2
d
ds
|s=0
∫
fM
|τ(Fs)|2 veg =
pi
2
d
ds
|s=0
∫
M
|τ(Gs)|2 vg
= pi
d
ds
|s=0{E2(Gs)}.
Next, consider the unit (2n+1)-dimensional sphere S2n+1 endowed with its canon-
ical or modified Sasakian structure. The flow of ξ is φt(z) = exp(−i ta)z, where
z = (z1, ..., zn+1) = (x1, ..., xn+1, y1, ..., yn+1).
From the above expression of the flow and from Theorems 3.14, 3.13, 3.12 and 4.1
we obtain explicit examples of proper-biharmonic submanifolds in (S2n+1, ϕ, ξ, η, g),
a > 0, of constant mean curvature. In particular, we reobtain a result in [1] and, for
n = 1, the result in [11].
Proposition 4.3 ([1]). Let F : M˜ → S5 ⊂ R6 be a proper-biharmonic anti-invariant
immersion. Then the position vector of M˜ in R6 is
F (t, u, v) =
exp(−it)√
2
(exp(iu), i exp(−iu) sin(
√
2v), i exp(−iu) cos(
√
2v)).
Proof. It was proved in [17] that the proper-biharmonic integral surface of (S5,
ϕ0, ξ0, η0, g0) is given by
f(u, v) =
1√
2
(exp(iu), i exp(−iu) sin
√
2v, i exp(−iu) cos
√
2v).
Now, composing with the flow of ξ0 we reobtain the result in [1]. 
Proposition 4.4 ([11]). Let M be a surface in (S2n+1, ϕ, ξ, η, g) with a ∈ (0, 1),
with the position vector in the Euclidean space E2n+2 given by
F (t, s) = exp
(
− i t
a
)(√ B
A+B
exp(−iAs)e1 +
√
A
A+B
exp(iBs)e3
)
,
where {e1, e3} is an orthonormal system of constant vectors in the Euclidean space
(R2n+2, 〈, 〉), with e3 orthogonal to Ie1 and A, B are given by (3.26).
Then M is a proper-biharmonic surface in S2n+1(c).
5. Proper-biharmonic submanifolds of (S7, g0)
We consider the Euclidean space E8 with three complex structures,
I =
(
0 −I4
I4 0
)
, J =

0 0 0 I2
0 0 −I2 0
0 I2 0 0
−I2 0 0 0
 , K = −IJ ,
where In denotes the n× n identity matrix. We define three vector fields on S7 by
ξ1 = −Iz, ξ2 = −J z, ξ3 = −Kz, z ∈ S7,
and consider their dual 1-forms η1 = η0, η2, η3. Let ϕa defined by
ϕ1 = ϕ0 = s ◦ I, ϕ2 = s ◦ J , ϕ3 = s ◦ K.
Then (ϕa, ξa, ηa, g0), a = 1, 2, 3, determine a Sasakian 3-structure on S
7.
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Now, we shall indicate a method to construct proper-biharmonic submanifolds in
(S7, g0). We consider γ = γ(s) a proper-biharmonic curve in (S
7, g0), parametrized
by arc-length, which is a Legendre curve for two of the three contact structures (it
was proved in [9] that there is no proper-biharmonic curve which is Legendre with
respect to all three contact structures on S7). For example, assume that γ is a
Legendre curve for η1 and η2. Composing with the flow of ξ1 (or ξ2) we obtain a
biharmonic surface which is Legendre with respect to η2 (or η1). Then, composing
with the flow of ξ2 (or ξ1) we get a biharmonic 3-dimensional submanifold of (S
7, g0).
Using this method, from Theorems 3.12 and 4.1, we obtain 4 classes of proper-
biharmonic surfaces in (S7, g0) and 4 classes of proper-biharmonic 3-dimensional
submanifolds of (S7, g0), all of constant mean curvature.
For example, from Theorems 3.12 and 4.1, composing first with the flow of ξ1 and
then with that of ξ2, we get the explicit parametric equations of proper-biharmonic
3-dimensional submanifolds of (S7, g0).
Proposition 5.1. Let M be a 3-dimensional submanifold in S7 such that its position
vector field in E8 is either
x1 = x1(u, t, s)
= 1√
2
(
cos(u) cos(
√
2s) cos(t)e1 + cos(u) sin(
√
2s) cos(t)e2
+cos(u) cos(t)e3 − cos(u) cos(
√
2s) sin(t)Ie1
− cos(u) sin(√2s) sin(t)Ie2 − cos(u) sin(t)Ie3
− sin(u) cos(√2s) cos(t)J e1 − sin(u) sin(
√
2s) cos(t)J e2
− sin(u) cos(t)J e3 − sin(u) cos(
√
2s) sin(t)Ke1
− sin(u) sin(√2s) sin(t)Ke2 − sin(u) sin(t)Ke3
)
,
where {ei,Iej}, {ei,J ej} are systems of constant orthonormal vectors in E8, or
x2 = x2(u, t, s)
= 1√
2
(
cos(u) cos(As) cos(t)e1 + cos(u) sin(As) cos(t)e2
+cos(u) cos(Bs) cos(t)e3 + cos(u) sin(Bs) cos(t)e4
− cos(u) cos(As) sin(t)Ie1 − cos(u) sin(As) sin(t)Ie2
− cos(u) cos(Bs) sin(t)Ie3 − cos(u) sin(Bs) sin(t)Ie4
− sin(u) cos(As) cos(t)J e1 − sin(u) sin(As) cos(t)J e2
− sin(u) cos(Bs) cos(t)J e3 − sin(u) sin(Bs) cos(t)J e4
− sin(u) cos(As) sin(t)Ke1 − sin(u) sin(As) sin(t)Ke2
− sin(u) cos(Bs) sin(t)Ke3 − sin(u) sin(Bs) sin(t)Ke4
)
,
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where
A =
√
1 + κ1, B =
√
1− κ1, κ1 = constant ∈ (0, 1),
and {ei} are constant orthonormal vectors in E8 such that
〈e1,Ie3〉 = 〈e1,Ie4〉 = 〈e2,Ie3〉 = 〈e2,Ie4〉 = 0,
〈e1,J e3〉 = 〈e1,J e4〉 = 〈e2,J e3〉 = 〈e2,J e4〉 = 0,
and
A〈e1,Ie2〉+B〈e3,Ie4〉 = A〈e1,J e2〉+B〈e3,J e4〉 = 0.
Then M is a proper-biharmonic submanifold of (S7, g0).
Proof. As the flows of ξ1 and ξ2 are given by
φ1t (z) = (cos t)z − (sin t)Iz, φ2t (z) = (cos t)z − (sin t)J z,
the Proposition follows by a straightforward computation.

Remark 5.2. Note that there exist vectors {ei} which satisfy the hypotheses of the
previous Proposition. For example the first three or four vectors, respectively, from
the canonical basis of E8 satisfy the required properties.
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